Abstract. We introduce the factorization graph of a finite group and study its connectedness and forbidden structures. We characterize all finite groups with connected factorization graphs and classify those with connected bipartite factorization graphs. Also, we obtain a classification of all groups with clawfree, K 1,4 -free, and square-free factorization graphs, excluding the non-solvable groups in the latter case.
Introduction
A group G is factorized if it is the product of two subgroups A and B, namely G = AB, and this factorization is proper if both A and B are proper subgroups of G. The group G is called factorizable if it has a proper factorization, and we say that it factorizes on a proper subgroup A if G = AB for some proper subgroup B of G. Factorizations of groups appear naturally in many contexts, for instance products of groups, Frattini argument etc. The structure of subgroups in a factorization can influence the structure of the whole group. For example, a celebrated theorem of Ito [7] states that a group that is a product of two abelian groups is metabelian. Also, Kegel and Wielandt show that a finite group that is a product of two nilpotent subgroups is itself solvable, see [8, 15] .
The notion of factorization is generalized in various ways. One is the triple factorization, where a group G is said to have a triple factorization if G = AB = BC = CA for some subgroups A, B, and C of G. When conditions are applied to subgroups A, B, and C in a triple factorization for G, results similar to those mentioned above are obtained; for example see [9] .
The aim of this paper is to extend the above definitions and investigate factorizations from a combinatorial point of view by assigning to a group its graph of factorizations. The factorization graph of a finite group G, denoted by F(G), is defined as a graph with vertex set V (F(G)) = {H : H < G, H = G, H Φ(G)} with two vertices U and V adjacent if G = U V . Also, the proper factorization graph F * (G) of G is the graph obtained from F(G) by removing all isolated vertices. Recall that Φ(G) is the Frattini subgroup of G.
One can observe that proper factorizations of G correspond to edges in the graph F(G). Also, every proper triple factorization of G is equivalent to a triangle in its factorization graph. This suggests that we could consider every (induced) subgraph of F(G) as a (induced) factorization pattern in G. Recall that an induced subgraph of a graph is a subgraph having all possible edges among its vertices. Also, by an induced factorization pattern among a set of subgroups we mean a factorization pattern whose corresponding subgraph in F(G) is an induced subgraph of F(G).
Motivated by this, we are interested to see which finite groups cannot have particular (induced) factorization patterns as subgraphs of their factorization graphs. For instance, in Section 3, we shall describe all those factorizable groups having no factorization pattern that corresponds to an induced square, claw, or star graph with four pendants.
Recall that the complete graph K n is a graph with n pairwise adjacent vertices, and the complete bipartite graph K m,n is a graph with m + n vertices partitioned into two sets X and Y with m and n elements, respectively, such that every edge has one end in X and the other end in Y . The complete bipartite graphs K 1,n are called star graphs, and the star graph K 1,3 is known as the claw. Also, a pendant vertex is a vertex of degree one. The complement Γ c of a graph Γ is a graph with the same vertices as Γ such that two vertices are adjacent in Γ c if they are non-adjacent in Γ. Let Γ 1 , . . . , Γ n be n graphs, which we may assume to have disjoint vertex sets. The disjoint union Γ 1 ∪ · · · ∪ Γ n of graphs Γ 1 , . . . , Γ n is the graph whose vertex set and edge set is the union of vertex sets and edges sets of Γ 1 , . . . , Γ n , respectively. If Γ 1 = · · · = Γ n , then we write nΓ 1 for their disjoint union (see [14] ).
Let us call a group theoretical property is true on all non-superfluous subgroups of a finite group G if it holds for all subgroups of G not contained in the Frattini subgroup of G. Having this in mind, we begin our study in Section 2 by looking at a more restrictive class of groups, namely those finite groups G factorizing on all non-superfluous proper subgroups. This enables us to give a classification of all finite groups with a connected factorization graph. Among these groups, we also classify those groups with no odd cycle as a factorization pattern, that is, groups whose factorization graphs are bipartite.
Throughout this paper, all groups are assumed to be finite. Given a group G, the minimum number of generators of G is denoted by d(G). Also,¯: G −→ G/Φ(G) denotes the natural homomorphism. It is evident that HΦ(G) is a vertex of F(G) containing Φ(G) for every vertex H of F(G), and that every neighbor of H in F(G) is adjacent to HΦ(G) as well. In addition, F(G/Φ(G)) is isomorphic to an induced subgraph of F(G). We shall uses these facts without further references. All group-theoretical notation are standard and follow that of [12] .
Connectedness
In this section, we shall consider those finite groups which factorize on all nonsuperfluous subgroups or equivalently those finite groups whose factorization graphs have no isolated vertices. Recall that a group G is polycyclic if it has a subnormal series all of whose factors are cyclic. Note that, in the case of finite groups, the class of polycyclic groups coincides with the class of solvable groups. We use the following two results in order to give a precise description of the groups under consideration.
Proposition 2.1. Let G be a finite group. If F(G) has no isolated vertices, then G is solvable.
Proof. Clearly, we may assume that Φ(G) = 1.
with cyclic factors, as required.
Notice that the above proposition extends a result of Hall [5] on complemented groups. Now, we can state and prove our classification of all finite groups with a connected factorization graph. (1) F(G) has no isolated vertices; Proof. Let G be a finite group and
It is evident that (2) implies (1). Also, if F(G) has no isolated vertices, then the subgroups
Hence, we need only show that (3) implies (2) . So, assume (3) holds. Then there exist maximal subgroups
We show that
Let π ∈ S m be a permutation. Since [H : H ∩K] [G : K] for any two subgroups H and K of G, we get
from which it follows that m = n and
for all 1 i < m. This yields (i), and subsequently (ii). Also, since
Now, let H be a proper subgroup of G not contained in Φ(G). We show that H is adjacent to at least one of the maximal subgroups M 1 , . . . , M m , from which the result will follow.
Suppose we have shown that
Hence, an inductive argument shows that
so that H is adjacent to M i+1 , as required.
We conclude this section by giving a complete classification of all finite groups with a bipartite factorization graph having no isolated vertex. Note that, by Theorem 2.2, the corresponding factorization graphs are always connected. Indeed, as we shall see, the groups under investigation have complete bipartite factorization graphs.
Proposition 2.3 ([2]). Let G be a finite group such that G/Φ(G) is a metacyclic group of the form
where m ′ , n ′ divide some power of m, n, respectively, s ≡ r (mod m) is an integer for which n is the least multiple of n * satisfying s n ≡ 1 (mod m), and n * is the product of all prime divisors of n.
Theorem 2.4. Let G be a finite group. Then F(G) is a bipartite graph with no isolated vertex if and only if G is isomorphic to one of the following groups:
(
where p, q are distinct primes and ord p m λ = q.
Proof. First suppose that F(G) is a bipartite graph with a bipartition (U, V) having no isolated vertex. We have three cases:
are such that x ∈ U and y ∈ V, then x, y is adjacent to neighbors of x and y , which implies that x, y ∈ U ∩ V = ∅, a contradiction. Hence, all cyclic subgroups belong to a single part, say U. On the other hand, if H is a vertex and x ∈ H \ Φ(G), then any neighbor of x is a neighbor of H too. Thus H ∈ U, which implies that V (F(G)) = U, a contradiction.
, where x i are the Sylow p isubgroups of G. Clearly, F(G) contains a triangle if n ≥ 3. Thus, we get n 2 and F(G) is either the empty graph with a single vertex if n = 1, or it consists of two vertices and an edge between them if n = 2.
is not the null graph since every maximal subgroup M of G satisfies Φ(G) ⊂ M and hence is a vertex. First observe that if H and K are two subgroups not contained in Φ(G), with H ∈ U and K ∈ V, then H ∩ K ⊆ Φ(G); for otherwise H ∩ K is a vertex, which implies that every neighbor of H ∩ K is a neighbor of H and K, a contradiction. Now, let H, K, L ⊃ Φ(G) be proper subgroups of G satisfying H ⊆ K ∈ U, and L ∈ V is adjacent to H. Clearly, L is adjacent to K so that
is maximal and a simple argument yields G ∼ = C p ⋊ C q for some primes p and q. Clearly, p = q for otherwise we have a triangle {H, K, L} for any three distinct subgroups H, K, L of G of order p. Now, by Proposition 2.3,
where m, n are positive integers and ord p m λ = q.
Conversely, a simple verification shows that if G is any of the groups listed in (1) or (2), then the set of vertices of F(G) partitions into two sets including subgroups of the forms x pi ⋊ y x j and x ⋊ y qk for some i, j, k, respectively, which implies that F(G) is a complete bipartite graph. The proof is complete.
Corollary 2.5. Let G be a finite group. Then F(G) is a bipartite graph with no isolated vertices if and only if it is a complete bipartite graph.

Forbidden subgraphs
This section is devoted to the study of the existence of various subgraphs of factorization graphs. Since there is nothing to mention for a non-factorizable group, all groups under consideration are assumed to have proper factorizations. We note that almost all finite groups are factorizable (see [10] ), so our assumption is not restrictive. In what follows, a graph is said to be Γ-free if it has no induced subgraphs isomorphic to Γ.
-free if and only if G is isomorphic to one of the following groups:
where p, q, r are distinct primes.
We prove the above theorem by breaking it up into two propositions separating the nilpotent and non-nilpotent cases.
Proof. Assume F(G) is K 1,4 -free. We have two cases to consider: (F(G) ). We distinguish two cases: We show that G is nilpotent of class 2. If not, G has a vertex H, which is not a normal subgroup of G. Let M be a maximal subgroup of G not containing H. If H has three distinct conjugates H, H a , and H b , then
, which is a contradiction. Thus, H has exactly two conjugates H and
, which is a contradiction. Also, if H is non-cyclic and x ∈ H \ M , then
, which results in a contradiction. Thus, H = x is a cyclic maximal subgroup of N G (H), which itself is a maximal subgroup of G. By [12, 5.3.4] , N G (H) = x ⋊ y is isomorphic to one of the groups C 2 n−1 × C 2 , D 2 n , Q 2 n , SD 2 n , or M 2 n for some n, where SD 2 n and M 2 n are defined as
and
respectively. Since N G (H) has two distinct cyclic maximal subgroups H and H a , it follows that N G (H) ∼ = C 2 n−1 × C 2 , Q 8 , or M 2 n . The only non-abelian groups of order 16 generated by two elements whose non-Frattini subgroups have at most two conjugates are
then the subgraphs of F(G i ) induced by V i are isomorphic to K 1,4 . Thus, |G| > 16 and hence
4 is a non-abelian group of order 16 with all non-Frattini subgroups having at most two conjugates. Hence, G/ x 4 ∼ = G i for some 1 i 4 so that F(G/ x 4 ) has an induced subgraph isomorphic to K 1,4 contradicting the fact that F(G/ x 4 ) is isomorphic to an induced subgraph of F(G) and F(G) is K 1,4 -free.
Therefore, G is nilpotent of class 2. Moreover, G ′ is cyclic and exp(
, and hence F(G), would have an induced subgraph isomorphic to K 1,4 by Subcase 1.1. Then G ′ ∼ = C 2 , C 3 , or C 4 so that |G| = 8, 16, 27, 32, or 64. A simple computation with GAP shows that G ∼ = Q 8 (see the codes after Corollary 3.4).
Case 2. G is not a p-group. If G is non-cyclic, then we can write G = H × P , where P is a non-cyclic Sylow p-subgroup of G. Let M 1 , M 2 , M 3 be three distinct maximal subgroups of P . If H is not a cyclic q-group of order q, then H has a proper subgroup K. Then the subgraph induced by
, which is a contradiction. Thus, H ∼ = C q for some prime q = p. If F(P ) has a claw as a subgraph, say {A, B, C, D} with A being adjacent to B, C, and D, then the subgraph induced by {HA, P, B, C, D} is isomorphic to K 1,4 , a contradiction. Therefore, F(P ) is claw-free, which implies that P ∼ = Q 8 or C 2 × C 2 by Case 1. Therefore,
Finally, suppose that G is cyclic and let G = P 1 × · · · × P n be the decomposition of G into Sylow p i -subgroups P i of G. If n ≥ 4, then the subgraph induced by {P 1 . . . P n−1 , P n , P 1 P n , P 2 P n , P 3 P n } is isomorphic to K 1,4 , which is a contradiction. Thus, n 3. Assume n = 3. Then the subgraph induced by {P i P j , P k , P i P k , P j P k , P pi i P k } is isomorphic to K 1,4 whenever {i, j, k} = {1, 2, 3} and |P i | > p i , which is a contradiction. Thus, Φ(G) = 1 and so G ∼ = C p1p2p3 . Now, suppose n = 2. If |P i | > p 3 i for some i ∈ {1, 2}, then the subgraph induced by 
for some n 3. is isomorphic to K 1,4 , which is a contradiction. Thus, every proper subgroup of H is contained in M , from which it follows that H is a cyclic p-group and |G| = 3p n for some n ≥ 1. On the other hand, |H/H G | = 2 as G/H G embeds in S 3 , hence p = 2; there, H G is the core of H in G (the largest normal subgroup of G contained in H). Now, since G/C G (H G ) is isomorphic to a subgroup of Aut(H G ) and Aut(H G ) is a 2-group, it follows that G = C G (H G ) and consequently H G = Z(G). Therefore, G has the presentation
for some integer t. From y x = x 2t y −1 in conjunction with the fact that x 2 and y commute, x is a 2-element and y is a 3-element, it follows that x 2t = 1 and y is a normal subgroup of G. Furthermore, n 3 otherwise the subgraph induced by x , y , y, x
is isomorphic to K 1,4 , which is a contradiction.
The converse is straightforward.
Corollary 3.4. Let G be a finite factorizable group. Then F(G) is claw-free if and only if G is isomorphic to one of the following groups:
The following GAP function is used in Proposition 3.2 to verify whether the factorization graph of a group G is K 1,4 -free. To deal with the case of square-free graphs we need the following simple lemma. Recall that two subgroups H and K of a given group permute if HK = KH. Also, a Frobenius group is said to be minimal if it has no proper Frobenius subgroup.
is a product of mutually permuting subgroups H i such that no proper subset of {H 1 , . . . , H n } generates G, then F(G) has an induced square.
Then a simple verification shows that the subgraph induced by
H and every proper subgroup K of H on which H factorizes, and (iv) either H is the only nontrivial proper normal subgroup of G, or G ∼ = H ×C p and H is non-factorizable; or G is isomorphic to one of the following groups:
) a p-group G generated by three elements such that x, y G is maximal whenever G = x, y, z for some z ∈ G; or (7) a non-cyclic p-group G generated by two elements with cyclic Frattini subgroup. Moreover, each of the groups in (1)- (7) has a square-free factorization graph.
Proof. Let G = AB be a proper factorization of G. Clearly, G = A b B a for all a ∈ A and b ∈ B. If A = A b and B = B a for some a ∈ A and b ∈ B, then {A, B, A b , B a } induces a square, which is a contradiction. Hence, for every proper factorization G = AB of G, wither A G or B G.
On the other hand, if M and N are proper subgroups of G which properly contain A and B, respectively, then {A, B, M, N } induces a square, which is a contradiction. Hence, for every proper factorization G = AB of G, either A is a maximal subgroup of G or B is a maximal subgroup of G.
From the above result one can deduce ( * ) for every proper factorization G = AB of G, either A is a normal maximal subgroup of G or B is a normal maximal subgroup of G. Now, let G = HK be a proper factorization of G. Then either H or K, say H, is a normal maximal subgroup of G by property ( * ).
First suppose that H = H ′ is perfect. Then H is the unique normal maximal subgroup of G, for otherwise G has a normal maximal subgroup M different from H so that H ′ ⊆ M ∩ H ⊂ H, which is a contradiction. We show that H = H/Φ(G) is simple. Suppose on the contrary that H is not simple. If H has a nontrivial proper characteristic subgroup N , then N G and hence G = N M for some maximal subgroup M of G. Then M G by ( * ), which contradicts the uniqueness of the normal maximal subgroup H. Thus, H is characteristically simple, that is, H = S 1 × · · · × S k for some isomorphic simple groups S 1 , . . . , S k . Let p := [G : H] and x ∈ G \ H. Since x does not stabilize
} by the uniqueness of the Remak decomposition (see [12, 3.3.12] ). Hence, k = p and we may assume
is a proper subgroup of G. Thus, we have the proper factorization
which implies that K, x is a normal maximal subgroup of G different from H by ( * ), a contradiction. Therefore, H is simple.
If H = KL is a proper factorization of H and g ∈ G \ H, then G = K, g ; otherwise G = K, g L is a proper factorization of G contradicting ( * ) in conjunction with the fact that H is the only normal maximal subgroup of G. Next assume that N is a proper normal subgroup of G such that H = N Φ(G). Since H ∩ N H, it follows that H ∩ N ⊆ Φ(G). If H is factorizable, then H = KL for some proper subgroups K and L of H so that G = (KN )(LN ). But then either KN or LN is a normal maximal subgroup of G different from H by ( * ), which is a contradiction. Hence, either H is the unique nontrivial proper normal subgroup of G, or G = H × N with N a cyclic group of prime order and H is non-factorizable, as required. Now, assume that H = H ′ . We show that G is solvable. Let M be a non-normal maximal subgroup of G and
square, which is a contradiction. Hence, H ′ ⊆ M so that H ′ is nilpotent by using [4, Satz 16] . Therefore, G is solvable as G/H is cyclic of prime order, H/H ′ is abelian, and H ′ is nilpotent. Let π(G) = {p 1 , . . . , p n }. Then, by [12, 9.2.1], G has mutually permuting Sylow p i -subgroups P i for i = 1, . . . , n. By Lemma 3.5, n 3. Now, We have three possibilities.
(1) n = 3. Then G = P i (P j P k ) for {i, j, k} = {1, 2, 3} so that P j P k is a maximal normal subgroup of G by ( * ). Hence, P i ∼ = C pi . Similarly, P i P j , P i P k G, which implies that P i = P i P j ∩ P i P k is a normal subgroup of G. Therefore, G ∼ = C p1p2p3 .
(2) n = 2. Since G = P 1 P 2 we may assume without loss of generality that P 1 is a normal maximal subgroup of G. Then P 2 = y ∼ = C p2 . First suppose that P 2 G. From [1, Theorems 5.3.3 and 5.3.11], we know that Φ(G) = Φ(P 1 ) so that P 1 is an elementary abelian p 1 -group.
We show that P 1 is a minimal normal subgroup of G. If not, P 2 does not act irreducibly on P 1 by conjugation. We claim that P 1 has a nontrivial proper P 2 -invariant subgroup A such that AP 2 g = AP 2 for some g ∈ G. If the claim is not true for A, then for every g ∈ G we must have AP 2 g = AP 2 so that P 2 g = P 2 a for some a ∈ A. Hence, ga −1 ∈ N G (P 2 ), which implies that G = AN G (P 2 ). As a result, A * := P 1 ∩ N G (P 2 ) in a nontrivial proper subgroup of P 1 . Also, [A * , P 2 ] ⊆ P 1 ∩ P 2 = 1, which implies that A * is a P 2 -invariant subgroup of P 1 . Since A * N G (P 2 ) = N G (P 2 ) = G, from the above argument on A, we observe that there must exists an element g ∈ G such that A * P 2 g = A * P 2 . Hence, we may replace A by A * and assume that AP 2 g = AP 2 for some g ∈ G.
On the other hand, by utilizing the well-known theorem of Maschke (see [12, 8.1.2] ), it yields
where B is a nontrivial P 2 -invariant subgroup of P 1 . But then
2 } induces a square, which is a contradiction. As a result, it yields G = P 1 ⋊ P 2 is a Frobenius group whose Frobenius kernel and complement are P 1 and P 2 , respectively. Moreover, F * (G) is a star graph with P 1 at the center and P g 2 K are the pendants where g ∈ G and K Φ(G) permutes with
1 , x m y , by Lemma 3.5, we should have m = 1 or 2. Assume m = 2 and P 1 = x 1 , x 2 . If P 1 = x 1 x 2 , then { P ′ 1 , x 1 x 2 , x 1 , y , P 1 , x 2 , y } induces a square, which is a contradiction. Hence, P 1 = x 1 x 2 for each generating set {x 1 , x 2 } of P 1 . In particular, x 1 or x 2 is a maximal subgroup of P 1 otherwise there exist maximal subgroups M 1 and M 2 of P 1 containing properly x 1 and x 2 , respectively, and hence { x 1 , x 2 , y , M 1 , M 2 y } induces a square, which is impossible. So, by [12, 5.3.4] , either P 1 ∼ = C p1 × C p1 or Q 8 , or there exists x 3 ∈ P 1 such that P 1 = x 1 x 3 = x 2 x 3 . In the latter case, { x 1 , x 2 , y , P 1 , x 3 , y } induces a square, which is a contradiction. Therefore, P 1 ∼ = C p1 × C p1 or Q 8 .
Finally assume that m = 1. Then G ∼ = C p k 1 p2 and F(G) is an star graph with P 1 at the center and {HP 2 : H Φ(P 1 )} is the set of pendants.
(3) n = 1. Then G = P 1 . Let {x 1 , . . . , x m } be a minimal generating set for G. Since G = P ′ 1 , x 1 · · · P ′ 1 , x m , we get m 3 by Lemma 3.5. First suppose that m = 3. We show that x, y is a maximal subgroup of G for all 2-element subsets {x, y} of any minimal generating set of G. If not, let {x, y} be a counterexample and {x, y, z} be a generating set for G. Let M be a maximal subgroup of G containing x, y properly. Then { x, y , G ′ , z , M, G ′ , xz } induces a square, which is a contradiction. Now, assume that m = 2. Clearly, a subgroup H of G is a vertex if and only if Φ(G) < HΦ(G) < G, that is, H = K, h Clearly, g acts on max(Φ(G)) and that Φ(G) has g-invariant maximal subgroups for all g ∈ G. Our assumption implies that Φ(G) has a maximal subgroup M such that M is the only g-invariant maximal subgroup of Φ(G) for all elements g ∈ G \ Φ(G). Thus, G acts fixed-point-freely on max(Φ(G))\{M } so that | max(Φ(G))|−1 is a multiple of p 2 , a contradiction. Therefore, Φ(G) is cyclic. One can easily see that the groups in (1)- (7) have square-free factorization graphs. The proof is complete.
All non-abelian finite simple groups with proper factorizations, as well as all their factorizations into maximal subgroups, are classified by Liebeck, Praeger, and Saxl [11] . For instance, it is known that P SL(2, p n ) has no proper factorizations whenever p n ≡ 1 (mod 4) and p n / ∈ {5, 9, 29} (see also [13, Theorem 3.3] ). If H is an arbitrary non-abelian finite simple group with no proper factorizations and p is a prime, then a simple verification shows that H × Z p has only the proper factorizations G = (H × {1})K, where π 1 (K) is a proper subgroup of H and π 2 (K) = Z p with π i being the projection on ith component for i = 1, 2. Therefore, F * (G) is an star graph, that is, G satisfies the conditions in the first part of Theorem 3.6.
